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DT/PT correspondence 



Yukinobu Toda 



Abstract 



o 
o 

Qh< The Donaldson-Thomas invariant is a curve countine; invariant on Calabi-Yau 3- 

^ I folds via ideal sheaves. Another counting invariant via stable pairs is introduced by 

^^^^ ' Pandharipande and Thomas, which counts pairs of curves and divisors on them. 

. These two theories are conjecturally equivalent via generating functions, called 
DT/PT correspondence. In this paper, we show the Euler characteristic version 



of DT/PT correspondence, using the notion of weak stability conditions and the 
wall-crossing formula. 



< 

'. 1 Introduction 



The purpose of this paper is to study curve counting on Calabi-Yau 3-folds via wall- 
er ■ crossing phenomena in the derived category. We will study the generating series of 
Donaldson-Thomas type invariants without virtual fundamental cycles, i.e. the Euler 



! characteristics of the relevant moduli spaces. The main result is to show the Euler char- 



acteristic version of Pandharipande-Thomas conjecture [261 Conjecture 3.3], which claims 
the equality of the generating series of Donaldson-Thomas invariants and counting invari- 



^ ■ ants of stable pairs. In a subsequent paper ^29j, we will apply the method used in this 
paper to show the transformation formula of our generating series under flops and the 
generalized McKay correspondence by Van den Bergh |10j . 

1.1 Donaldson-Thomas invariant 

Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. the canonical line bundle 
/\^TJ is trivial. For a homology class (3 G H2{X,'Z) and n G Z, the moduli space which 
defines DT-invariant is the classical Hilbert scheme, 



subschemes C G X, dim C < 1 
with [C] = (3, xiOc) = n. 



In other words, In{X, (3) is the moduli space of rank one torsion free sheaves / G Coh(X) 
which satisfies det / = Ox and 

ch(J) = (1, 0, -n) eH'^QH^QH^® H"". 
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Here we have regarded j3 as an element of H'^{X, Z) via the Poincare duahty. In fact 
such a sheaf / is isomorphic to the ideal sheaf Ic C Ox for a subscheme C G X with 
dimC < 1, [C] = P and x(C'c) = ^- The moduli space /5) is projective and has a 

symmetric obstruction theory [2H]- The associated virtual fundamental cycle has virtual 
dimension zero, and the integration along it defines the DT-invariant, 

In,f3 = [ 1 G Z. 

J[/„(X,/3)-'^] 

We consider the generating series, 

DT(X) = J]4,^xV. 

n,(3 

Let DTo(X) be the contributions from 0-dimensional subschemes, 

DTo(X) = 5^/„,oa;^ 

n 

This is computed in [3], [22], [21], 

DTo(X) = M(-x)>^W, Mix) = n T^zW- 

fc>i ^ ^ 

The reduced Donaldson-Thomas theory is defined by, 

where DT^(X) is a Laurent series of x. The MNOP conjecture [2S] states that DT^(X) is 
the Laurent expansion of a rational function of x invariant under x l/x, and DT'(X) 
coincides with the generating series of Gromov-Witten invariants after a suitable change 
of variables. 



1.2 Pandharipande-Thomas theory 

Another curve counting theory via stable pairs is introduced by Pandharipande and 
Thomas [20] in order to give a geometric understanding of the reduced DT-theory. By 
definition, a stable pair (F, s) consists of pure 1-dimensional sheaf F and a morphism 
s : Ox F with 0-dimensional cokernel. In [26] , the moduli space 



stable pairs (F, s) with 
[F] = (3, xiF) = n. 



is shown to be a projective variety, and has a symmetric obstruction theory by viewing 
stable pairs as two-term complexes, 

( >0^Ox^F^0---)eD\Coh{X)). (1) 
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Integrating along the virtual fundamental cycle defines the invariant, 

Pn,f3= [ ez. 

J[Pn(X,l3)-''^] 

We consider the generating series, 

PT(X) := J]P„,^xV = J]PT^(X)/, 

where PT^(X) is a Laurent series of x. In flU^, Conjecture 3.3], Pandharipande and 
Thomas state the following conjecture. 

Conjecture 1.1. ([26^, Conjecture 3.3]) We have the equality of the generating series, 

DT'(X) = PT(X). 

1.3 Main theorem 

In this paper, we study the series, 

DT(X) = J]x(/n(X,/?))a:V, 

n,/S 

where x{*) is the topological Euler characteristic. We can similarly define the series 
DTo(X), i5t'(X), PT(X), which are Euler characteristic versions of DTo(X), DT'(X), 
PT(X) respectively. The series DT(X) is closely related to DT(X) in the following sense. 

• If In{X,(3) is non-singular and connected, we have 

4,^ = (-ir'-^"™X(/n(X,/5)). 

• In general, there is Behrend's constructible function [2], 

u: /„(X,/?)->Z, 

such that In,i3 is written as 

• As for i5To(X), we have i5To(X) = M{xY^^\ so it is obtained from DTo(X) by 
X <-> —X. (cf. [H].) 

Our main theorem is the following. 

Theorem 1.2. [Theorem I3.14j We have the equality of the generating series, 

i5t'(X) = PT(X). 

In [Sni Corollary 1.4], the author showed the rationality of the series PT/3(X). Hence 
we obtain the following. 

Corollary 1.3. The series DT^(X) is the Laurent expansion of a rational function of x, 
invariant under x <-> 1/x. 

Note that the above result is conjectured in [231 Conjecture 1.1]. 
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1.4 Idea of the proof of Theorem 11.2 



Our proof is based on the idea of Pandharipande and Thomas [26], Section 3] to use 
Joyce's wall-crossing formula [T7] in the space of Bridgeland's stability conditions [7] on 
the triangulated category D^(Coh(X)). Suppose that there is a stability condition o on 
i5^(Coh(X)) such that the ideal sheaf Ic for a 1-dimensional subscheme C C X is cr- 
stable. If there is a 0-dimensional subsheaf Q C Oc, i.e. Ox Oc is not a stable pair, 
then there is a distinguished triangle in D^(Coh(X)), 

Q[-l] ^Ic^ Ic, (2) 

where Oc = Oc/Q- Then Pandharipande and Thomas claim that we can deform stability 
conditions from a to another stability condition r, such that the sequence ([2]) destabilizes 
Ic with respect to r. Instead if we consider the flipped sequence 

Ic E ^ Q[-l], 

then the object E should become r-stable. The object E is isomorphic to a two-term 
complex ([T]) determined by a stable pair, so a corresponds to the DT-theory and r corre- 
sponds to the PT-theory. In this way, we can see that the relationship between counting 
invariants of cr-stable objects and r-stable objects is relevant to Conjecture ll.il In princi- 
ple, there should exist a wall and chamber structure on the space of stability conditions, 
so that the counting invariants are constant on chambers but jump at walls. The trans- 
formation formula of counting invariants under change of stability conditions, called the 
wall-crossing formula, is studied by Joyce [TTj in the case of abelian categories. As pointed 
out in [26|, Section 3], there are two issues in applying Joyce's theory. 

• We need to extend Joyce's work to stability conditions on the triangulated cate- 
gory Z}''(Coh(X)). However there are no known examples of Bridgeland's stability 
conditions on D^{Coh.{X)) for a projective Calabi-Yau 3-fold X. 

• Joyce studies wall-crossing formula of counting invariants without virtual fundamen- 
tal cycles. We need to establish a similar formula for invariants involving virtual 
classes, or Behrend's constructible functions. 

In this paper, we deal with the first issue. The idea consists of two parts. 

• Instead of working with D^{Coh{X)), we study the triangulated subcategory, 

Vx = (Ox,Coh<i(X))tr C D\Coh{X)), 

i.e. the smallest triangulated subcategory which contains Ox and F G Coh(X) 
with dimSupp(F) < 1. Note that ideal sheaves Ic and two-term complexes ([T]) 
are contained in Vx- On the triangulated category Vx, we are able to construct 
Bridgeland's stability conditions. 

• Although there are stability conditions on Vx, still there are technical difficulties 
to study stability conditions on Vx and wall-crossing phenomena. So we introduce 
the space of weak stability conditions on triangulated categories, which generalizes 
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Bridgeland's stability conditions. It is easier to construct weak stability conditions 
than usual stability conditions, and the wall-crossing formula also becomes much 
more amenable. 

Based on these two ideas, we can justify the discussion of Pandharipande and Thomas [26l 
Section 3] and give the proof of Theorem II. 2[ For the application in a subsequent pa- 
per pn], we show the wall-crossing formula in the space of weak stability conditions on 
Vx under a general setting. 

As for the second issue, there are important progress recently. In [20] , Kontsevich and 
Soibelman establish the wall-crossing formula for motivic Donaldson- Thomas invariants, 
which essentially involves virtual classes [201 Theorem 7]. Although their main result |20l 
Theorem 7] relies on the unsolved conjecture on Motivic Milnor fibers [2Ui Conjecture 4], 
their work is applied for numerical Donaldson-Thomas invariants once we know the /-adic 
version of [20l Conjecture 4], which is solved in [20" , Proposition 9]. (However we still 
need an orientation data [201 Section 5] for the application of the result of Kontsevich 
and Soibelman.) If we are able to apply the work of Kontsevich and Soibelman, then 
Conjecture 11.11 follows from the method in this paper. T. Bridgeland [6j also recently 
gives a proof of Conjecture 11.11 assuming the result of [20] ■ His method is different from 
ours, and does not use any notion of stability conditions. In [TH], Joyce and Song also study 
wall-crossing formula of counting invariants involving virtual classes. At the moment the 
author writes the first version of this paper, their work applies to counting invariants of 
coherent sheaves, and not to those of objects in the derived category. The only issue is 
the derived category version of flEl Theorem 5.3], that is we need to show that the local 
moduli space of objects in the derived category is described as a critical locus of some 
convergent function. If the result of [18^, Theorem 5.3] is extended to the case of the 
derived category. Conjecture [LT] follows as well from the method in this paper. 

After the author wrote the first version of this paper, it is announced that the above 
problem on the description of the local moduli space in the derived category is solved by 
Behrend and Getzler [3]. Therefore we should now be able to give a complete proof of 
Conjecture II. 1[ In the Appendix, we will give a proof of Conjecture II. II using the result 

of [3]. 

Finally we comment that Stoppa and Thomas [27j investigate DT/PT correspondence 
via the wall-crossing of GIT stability. Then they show the same result of Theorem 11.21 
applying Joyce's theory, independently to our work. It is remarkable that they do not 
use Joyce's counting invariants of strictly semistable objects, which will be introduced in 
Proposition-Definition 15.71 in this paper. 

1.5 Content of the paper 

In Section [2], we introduce the notion of weak stability conditions on triangulated cate- 
gories, and study their general properties. In Section [3l we give a proof of Theorem 11.21 
assuming the result in the latter sections in a general setting. In Section HI we give a 
general framework to discuss wall-crossing formula. In Section [5l we establish the wall- 
crossing formula of generating series. In Section [H] and Section [71 we give the proofs of 
several technical lemmas. 
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1.7 Notation and convention 

In this paper, all the varieties are defined over C. For a triangulated category P, the shift 
functor is denoted by [1]. For a set of objects S C V, we denote by {S)tr C V the smallest 
triangulated subcategory of V which contains S. Also we denote by {S)cx the smallest 
extension closed subcategory of V which contains S. For an abelian category A and a set 
of objects S <Z A, the subcategory {S)ex C ^ is also defined to be the smallest extension 
closed subcategory of A which contains S. The abelian category of coherent sheaves is 
denoted by Coh(X). We say F G Coh(X) is (i-dimensional if its support is (i-dimensional. 

2 Weak stability conditions on triangulated categories 

In this section, we introduce the notion of weak stability conditions on triangulated cat- 
egories, which generalizes Bridgeland's stability conditions [7]. 

2.1 Slicings 

Let P be a triangulated category. Here we recall the notion of slicings on V given in [7[ 



Definition 2.1. A slicing on T> consists of a family of full subcategories {P(</))}0giR, 
which satisfies the following. 

• For any G M, we have V{(j))[l] = V{(f) + 1). 

• For Ei G V{(f)i) with 0i > 02, we have Hom(£'i, E2) = 0. 

• (Harder-Narasimhan filtration): For any non-zero object E & V, we have the 
following collection of triangles: 



Section 3]. 








E2 




'n 



E 



(3) 



F^ 



1 



F2 



F 



n 



such that Fj G Vi^cpj) with 0i > 02 > ■ ■ ■ > 0; 
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We also need an additional condition called the local finiteness. For an interval / C M, 
the category V{I) C V is defined to be 

V{I) = (P(0) : G /)ex C V. 

If / = (a, b) with b — a < 1, then the category V{I) is a quasi-abelian category (cf. [3, 
Definition 4.1]). If we have a distinguished triangle 

A^B — y A[l] 

with A,B,C G V{I), we say i is a strict monomorphism, and j is a sinct epimorphism. 
Then we say is of finite length if is noetherian and artinian with respect to 
strict epimorphisms and strict monomorphisms respectively. (See [TJ Section 4] for the 
detail.) 

Definition 2.2. A slicing {V{(j))}^(z^ is locally finite if there exists r/ > such that for 
any G M, the quasi-abelian category V{{(t> — r], (f) + t])) is of finite length. 

The set of locally finite slicings on V is denoted by Slice(T'). For E & V and 
V G Slice('E'), we set 4>p{E) = and (t)^{E) = where 0j are given by the last condition 
of Definition 12. 1[ There is a generalized metric on Slice(P), given by 

d{V,Q)= sup {|0^(E)-02(E)|,|0+(i?)-0+(i?)|}G[O,oo], (4) 

for V,Qe Shce(I?). It is shown in [7, Section 6] that d{V, Q) = d{Q, V) and d{V, Q) = 
implies V = Q. 

2.2 Weak stability conditions 

For a triangulated category V, let K{T>) be the Grothendieck group of T>. We fix a finitely 
generated free abelian group F together with a group homomorphism, 

cl: K{V) F. 

We also fix a filtration of F, 

C Fo C Fi ■ ■ ■ C F^ = F, (5) 

such that each sub quotient 

Hi:=F,/F,_i, {Q<i<N) 

is a free abelian group. We set := IIom2(EIj, C), and fix a norm on Hj (g>z H^- 
Given an element 

N 
1=0 
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we define a map Z : T C as follows. For w G F, there is unique < m < such that 
V e Tm \ Fm-i- Here we set F_i = 0. Then Z{v) is defined by 

z{v)■.= z„^{[v])eC, 

where [v] is a class of v in Elm- Using such < m < A^, the following map is also defined, 

||*||: F 9 ^ G M. (6) 

Below we often write cl{E) G F as G F when there is no confusion. 
Definition 2.3. We define the set Stabr.('P) to be pairs {Z,V), 

N 

ZgJJh,^, VeS\ice{V), (7) 

which satisfy the following axiom. 

• For any non-zero E G V{<f)), we have 

G M>oexp(z7r0). (8) 

• (Support property): There is a constant C > such that for any non-zero 
E e U<^GK^(0)> we have 

\\E\\<C\ZiE)\. (9) 

Remark 2.4. If N = in the set Stabr. ("P) coincides with the set of stability 
conditions on T> introduced by Bridgeland J^, satisfying the support property. The support 
property is introduced by Kontsevich and Soibelman 120] to refine Bridgeland stability and 
introduce the notion of stability data. We will use this property to show Theorem \2.15\ 
below. 

Remark 2.5. When N = in the local finiteness condition automatically follows if 
the support property is satisfied. However for N > 0, it seems that there is no reason to 
conclude the local finiteness from the support property. 

We call an element of Stabr. I'D) a weak stability condition on V. Although it is difficult 
to find a Bridgeland stability on the derived category of coherent sheaves on algebraic 
varieties, it is rather easier to find a weak one as we see below. 

Example 2.6. Let X be a smooth projective variety of dimX = d, u a.n ample divisor 
on X, and V = D^{Coh.{X)). We set F to be the image of the chern character map, 

cl := ch: K{V) ^ F C H*{X,Q). 

We choose a filtration as 

Ti ■.= rnH^^'^-^'{x,Q). 
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In this case we have Elj = T n H'^'^~'^\X, Q). Choose Q < (f)d < (f)d-i < ■ ■ ■ < </'o < 1 and 
set Zi e to be 

Zi{v) = exp(m0i) / v-u' eC. (10) 
Jx 

We define the shcing {V{(p)}(j,^u as follows. For < < 1 with (p ^ (pi for any i, we set 
p(0) = 0. For = set 

= G Coh(X) : E is pure of dimSupp(E) = i}. 

Other V{4>) for G M is determined by the first condition of Definition I2.1[ It is easy to 
check that is an element of Stabp. (I^). 

In what follows, we use the following notation. For cr = {Z, V) G Stabr. {T>) and an 
interval J C M, we set 

a(/):=Im(cl:P(/)^r)cr. (11) 
If / C (a, a + 1] for some a G M, we can define the phase of v E Ca{I) by, 

Mv) = -aTgZiv)eI. (12) 

TT 

2.3 Constructions via t-structures 

In this paragraph, we give another way of constructing elements of Stabr. ("P), using the 
notion of bounded t-structures. The readers can refer [3 Section 3] for the notion of 
bounded t-structures, and their hearts. 

Definition 2.7. Let A G V he the heart of a bounded t-structure on T>. We say 
Z G YliLo W is a weak stability function on A if for any non-zero -E G we have 

Z{E) G 9) := {rexp(z7r0) : r > 0, < < 1}. (13) 

By ([13]), we can uniquely determine the argument, 

argZ(E) G (0,7r], 

for any {] ^ E E A. For an exact sequence ^ F ^ E ^ G ^ Q m A, one of the 
following equalities holds. 

argZ(F) < BxgZ{E) < argZ(G'), 
argZ(F) > wgZ{E) > argZ(G'). 

Remark 2.8. When N = 0, a weak stability function coincides with a stability function 
introduced in Definition 2.1]. In this case we have one of the following inequalities 

argZ(F) < argZ(E) < argZ(G'), 
argZ(F) > BxgZ{E) > argZ(G), 
argZ(F) = arg Z{E) = argZ(G), 

so an inequality such as argZ(F) < arg Z{E) = argZ(G) does not occur. On the other 
hand we might have such an inequality when N > 0, and such a function determines a 
weak stability condition in the sense of Definition 4-lJ- 
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Definition 2.9. Let Z E YI -Lq be a weak stability function on A. We say ^ E E A 

is Z-semistable (resp. stable) if for any exact sequence O^F—>-E-^G^Owe have 

argZ(F) < arg Z{G), (resp. argZ(F) < argZ(G).) (14) 

Remark 2.10. If N = 0, the condition is equivalent to arg Z{F) < arg Z{E), 
(resp. aTgZ{F) < arg Z{E) .) However for N > 0, the condition [T4\ ) is not equiva- 
lent to the above condition, since we may have aig Z{F) < arg Z{E) = arg Z{G), as in 
Remark \2.8i 

The notion of Harder-Narasimhan filtration is defined in a similar way to usual stability 
conditions. 

Definition 2.11. Let Z E YliLo^^ t)e a weak stability function on A. A Harder- 
Narasimhan filtration of an object E E A is a filtration 

= ^0 C ^1 C ■ ■ ■ C Ek-i CEk = E, 

such that each subquotient Fj = Ej/Ej^i is Z-semistable with 

argZ(Fi) > argZ(F2) > ■ ■ ■ > argZ(Ffc). 

A weak stability function Z is said to have the Harder-Narasimhan property if any object 
E E A has a Harder-Narasimhan filtration. 

The following proposition is an analogue of [71 Proposition 2.4]. 

Proposition 2.12. Let Z E Hilo W ^ weak stability function on A. Suppose that the 
following chain conditions are satisfied. 

(a) There are no infinite sequences of subobjects in A, 

■ ■ ■ C Ej+i C Ej C ■ ■ ■ C E2 C El 

with argZ{Ej^i) > arg Z{Ej/Ej+i) for all j . 

(b) There are no infinite sequences of quotients in A, 

El E2 ■ ■ ■ Ej Ej^i — » ■ ■ • 

with argZ(ker7rj) > aigZ^Ej^i) for all j . 

Then Z has the Harder-Narasimhan property. 

Proof. Although our stability condition is a weak one, the same proof of [7, Proposi- 
tion 2.4] still works. Also see the proof of [T^ Theorem 4.4]. □ 

The following proposition is an analogue of [Tj, Proposition 5.3], which relates weak 
stability conditions and weak stability functions on the hearts of bounded t-structures. 

Proposition 2.13. Giving a pair (Z, V), where Z E YliLo andV is a slicing, satisfying 
^) is equivalent to giving a bounded t-structure on T> and a weak stability function on its 
heart with the Harder-Narasimhan property. 
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Proof. The proof is same as in [71 Proposition 5.3], so we just describe how to give the 
correspondence. Given Z G Hilo-'^i' ^ shcing satisfying ([H]), the category 

A = V{iO,l]), 

is the heart of a bounded t-structure and Z is a weak stabihty function on A. Conversely 
suppose that ^ C P is the heart of a bounded t-structure on V and Z is a weak stabihty 
function on it. For < < 1, let V{(j)) be the full additive subcategory of A, defined by 

, . _ J . E is Z-semistable with 1 
I {(P) = ^heA: ^^^^ ^ exp(^7r0) J ' 

The subcategory V{(f)) for all G M is determined by the first condition of Definition 12. 11 
By the Harder-Narasimhan property of Z, V is a slicing on T>. □ 

Below we write an element of Stabr. (T') as {Z,V) with V G Slice(T'), or {Z,A) with 
A G V the heart of a bounded t-structure on V. The above proposition enables us to 
produce more examples of stability conditions. 

Example 2.14. (i) Let X be a d-dimensional smooth projective variety, T> = D^(Coh(X)) 
and A = Coh(X) C V. Then Z = {Zi}f^Q defined by ( ITOi) is a weak stability function on 
A. An object G ^ is Z-semistable if and only if i5 is a pure sheaf, thus {Zi}f^Q satisfies 
the Harder-Narasimhan property. In this way, we can recover the slicing {'P(0)}0eR given 
in Example 12. 6[ 

(ii) Let A be a finite dimensional C-algebra, A = mod A the category of finitely 
generated right A-modules and V = D^{A). There is a finite number of simple objects 
So, Si, - ■ ■ , Sn G A such that 

N 

K{V) = ^Z[S,]. 

j=0 

Let r = K{T>) and cl: K{T>) T the identity map. We choose the filtration ([5]) to be 
= 01=0 ^[-^a]' hence = Z[Sj\. Choose < 0^ < 1 for < j < X and set Zj G Hj 
to be 

Then {Zj}|^q is a weak stability function on A. The corresponding pair {{Zj}jLQ,V) via 
Proposition 12.131 gives an element of Stabr. ("P). 

2.4 The space of weak stability conditions 

There is the inclusion, 

N 

Stabr.(P) C Slice (P) X JJe,^. (15) 

j=0 

The generalized metric defined by (jlj) induces a topology on Slice(P), and we equip 
the set YliLo W with an usual Euclid topology. Thus we obtain the induced topology 
on Stabr. (I^) via the inclusion ffT^ . The following theorem is a generalization of [3, 
Theorem 1.2], which makes each connected component of Stabp. (I^) a complex manifold. 
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Theorem 2.15. The map 

N 

U : Stabr.(P) 3 {Z,V) ^ — > Z e JJh,^, 

i=Q 

is a local homeomorphism. In particular each connected component of Stabr,{'D) is a 
complex manifold. 

Proof. The proof is almost same as in [TJ Theorem 7.1]. We give the outhne of the proof 
in Section [71 □ 

Remark 2.16. For a = {Z,V) G Stabr.(r') and E e V, we set .- (j)^{E). 

By the definition of the generalized metric the maps 

0±(E): Stabr.(I?)^M, 

are continuous. In particular, the subset of a E Stabr. (I^) in which E is semistable is a 
closed subset. 

Later on we wiU need the following lemma, which relates a family of points in YliLo 
and points in Stabr. (I'). The proof will be given in Section [71 

Lemma 2.17. Let 

N 

{o,i)3t^z,el[m'^, 

1=0 

be a continuous map, and A (I'D the heart of a bounded t-structure on D . Suppose that 
at = {Zt,A) determine points in Stabr. ("P). Then {o't}te{o,i) is a continuous family in 
Stabr.(P). 



2.5 Group action 

Similarly to Bridgeland's stability conditions, the space Stabr. (I^) carries a group action 

of GL (2,]R), which is a universal covering space of GL^(2,]R). Although we do not 
need this group action in this paper, it seems worth putting it here as an analogue of [3 
Lemma 8.2]. 

Lemma 2.18. The space Stabr. (T') carries a right action of the group GL (2,]R). 

Proof. Note that the group GL (2, M) is identified with the set of pairs (T, /), where 
/: M — s> M is an increasing map with f{x + 1) = f{x) + 1, and T G GL^(2, M) such that 
the induced maps on = R/2Z = (M2\{o})/R>o are the same. Given a = ({^i}iIo> ^) ^ 
Stabr.(P) and (T, /) G GL^(2,M), we set Z'^ = o Zi and V'{(j)) = V{f{(j))). Then 

a' = ({Zj'I^Q, P') gives an element of Stabr. (I^), and the right action of GL (2, M) is 
given in this way. □ 

We give an example on the global structure of Stabr. (2^). 
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Example 2.19. Let C be an elliptic curve, and V = D''{Coh.{C)). We set F and the 
filtration F, as in Example 12.61 In this case, the same proof of [7, Theorem 9.1] shows 

that the action of GL (2,M) on StaJor.{T>) is free and transitive. Hence we have 

Stabr.(2^) = GL^(2,M). 

Remark 2.20. There is a close relationship between weak stability conditions and poly- 
nomial stability conditions introduced by Bayer /I]/. Let us fix an isomorphism 

N 

r = 0H,, (16) 

i=0 

and take a pair of the heart of a bounded t-structure A C V and Z = {Zi}fLQ G YliLo 
satisfying fT3\} . Then the polynomial function Zm'- F — > C given by 

N 

Zm{v) = ^m'Zi{vi), 

i=0 

where Vi G Hj is the i-th component of v, satisfies Zm{v) G S) for m ^ 0. Hence the 
pair {Zmi-A) gives a polynomial stability condition, if the Harder-Narasimhan property is 
satisfied. However the set of Z- (semi) stable objects and that of Zm- (semi) stable objects 
are different. It is easy to see that 

Z-stable =^ Z^-stable =^ Z^-semistable =^ Z-semistable. 

Therefore the notion of weak stability conditions is more coarse than that of polynomial 
stability conditions. Roughly speaking, a polynomial stability condition is an analogue of 
Gieseker stability, and a weak stability condition is an analogue of fi-stability. 

Remark 2.21. It seems that Stabr. ("P) is a space of limiting degeneration points of the 
usual space of stability conditions Stah(V). Under the isomorphism fT6\) . the multiplica- 
tive group M>o acts on F^ .■= Hom(F, C) = YliLo W ''^^^ 

t ■ (Zq, Zi, ■ ■ ■ , Zn) = {Zq, tZi, ■ ■ ■ , t^ Zm)- 

The above action lifts to an action on Stabr. (I^) via {Z,V) ^— {t ■ Z,V). Presumably 
there is a natural topology on the set, 

Stabr.(2^) = Stab(r') ]J (Stabr.(r')/M>o) , 

which makes Stabr, ("P) a complex manifold with real codimension one boundary Stabr. {T>) /M>o- 
A choice of filtrations F, should corresponds to a choice of limiting directions. 
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3 Proof of the Main Theorem 

In what follows, we assume that X is a smooth projective Calabi-Yau 3-fold over C. We 
set Coh<i(X) to be 

Coh<i(X) := {E G Coh(X) : dimSupp(E) < 1}. (17) 

In this section, we show how Theorem 11.21 is proved via wall-crossing phenomena in the 
space of weak stability conditions on the following triangulated category, 

Vx = {Ox, Coh<i(X))tr C D\Coh{Xj). (18) 

We will construct weak stability conditions on Vx, investigate corresponding stable ob- 
jects, and show Theorem 11.21 In the proof of Theorem 11.21 we will use a wall-crossing 
formula which will be established under a general setting in Section HI 

3.1 Construction of a t-structure on Vx- 

We begin with constructing a t-structure on Vx- First we recall the notion of torsion 
pairs and tilting. 

Definition 3.1. [11] Let A be an abelian category, and (T, JF) a pair of subcategories 
of A. We say (T, !F) is a torsion pair if the following conditions hold. 

• Hom(r, F) = for any T G T and F e 

• Any object E E A fits into an exact sequence, 

— — >E — ^F — ^0, (19) 

with T G T and F G JF. 
Given a torsion pair (T, JF) on A, its tilting is defined by 

A' .-^EeD {A) . ^ Q ,^ ^ I , (20) 

i.e. A'^ = (.^"[1], T)cx in D^{A). It is known that A'' is the heart of a bounded t-structure 
on D^A). (cf. Proposition 2.1].) 

Let Coh>2(X) be the subcategory of Coh(X), 

Coh>2(X) ■.= {Ee Coh(X) : Hom(Coh<i(X), E) = 0}. (21) 
It is easy to see that the pair 

(Coh<i(X),Coh>2(X)), (22) 

is a torsion pair on Coh(X). 
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Definition 3.2. We define the abelian category Coh^(X) to be the tilting with respect 
to ([22]), i.e. 

Coht(X) = (Coh>2(X)[l],Coh<i(X))ex. 

Remark 3.3. The category Coh^(X) is one of the hearts of perverse t-structures intro- 
duced by Bezrukavnikov f^] and Kashiwara JT^]. 

Remark 3.4. It is easy to see that the subcategory Coli<i(X) C Coli^(X) is closed under 
subobjects and quotients in Coh^(X). 

The above construction induces a t-structure on Vx- 

Lemma 3.5. The intersection Ax = T^x H Coh^(X)[— 1] in D^(Coh(X)) is the heart of 
a bounded t-structure on Vx, and Ax is written as 

^x = (Ox,Coh<i(X)[-l])ex. (23) 

Proof. Note that we have 

D\Coh<iiX)) n Coh^(X)[-l] = Coh<i(X)[-l], (24) 

hence IHM is the heart of a bounded t-structure on D^(Coh<i(X)). For F G Coli<i(X), 
we have Hom(Cx, -^[— 1]) = and 

}iom{F[-l],Ox)=H\X,Fy 
= 0, 

by the Serre duality. Then the result follows by setting V = D\Co\i{X)), V = D\Coh<i{X)), 
A = Coh^(X)[-l] and E = Ox m Proposition ESI below. □ 

We have used the following proposition, whose proof will be given in Section [6l 

Proposition 3.6. Let V be a C-linear triangulated category and A d T) the heart of 
a bounded t-structure on T>. Take E E A with End(£') = C and a full triangulated 
subcategory V C T), which satisfy the following conditions. 

• The category A! := An V is the heart of a bounded t-structure on V , which is 
closed under subobjects and quotients in the abelian category A. 

• For any object F G A', we have 

Hom(E, F) = Hom(F, E) = 0. (25) 

Let Ve be the triangulated category, 

Ve:= {E,V'),,cV. 
Then Ae ■= T^e ^ A is the heart of a bounded t-structure on Ve, which satisfies 

Ae= {E,A!)e^. 

Remark 3.7. By Remark the subcategory Coh<i(X)[— 1] C Ax is also closed under 
subobjects and quotient. In particular Ox[—l] G Ax is a simple object for any closed point 
xeX. 
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3.2 Weak stability conditions on Vx 

In this paragraph, we construct weak stabihty conditions on Vx- Let Ni{X), N^{X) be 
the abehan groups of curves in X, divisors in X respectively. They are finite rank free 
abehan groups, and there is a perfect pairing, 

Ni{X)k X N\X)j^ 3 {C,D)^C ■ D eR. 

We denote by NE(X) C Ni{X) the numerical classes of effective curves, and A{X) C 
N^{X)^ the ample cone. We set 

Ar<i(X) =ZQ)m{X), 

and define T to be 

T = N<i{X)®Z. 
The group homomorphism cl: K{'Dx) ^ F is defined by 

d{E) = (ch3(^),ch2(^),cho(S)). 

By the definition of Px, it is obvious that ch,(ii^) has integer coefficients thus cl is well- 
defined. We denote by rk the projection onto the third factor, 

rk: r 9 (s, /, r) 1-^ r G Z. 

Let Fq = Z, Fi = A^<i(X) and F2 = F. This defines a filtration F,, 

Fo ^ Fi ^ F2 = F, (26) 
via i{s) = (s, 0) and j{s, I) = (s, I, 0). We have 

Ho = Z, Hi = A^i(X), H2 = Z, 
and there is a natural isomorphism, 

2 

C X iV^(X)c X C ^ JJe^ (27) 

For the elements, 

20,2:1 G with argZj G (7r/2,7r), u G A{X), 

the data 

^ = {-zo,-iuj,zi), (28) 
associates the element G 11^=0 isomorphism fl?r|) . It is written as 



Ho 9 s I — > —szq, 
Hi 9 / I — > -iuj ■ /, 
H2 9 r I — > rzi. 



16 



Lemma 3.8. The pairs 

a^ = {Z^,Ax), ^ is given by (1^. (29) 
determine points in Stabr,{T>x) ■ 

Proof. We check that (fT3!) holds for any non-zero E G Ax- We write cl{E) = (— n, —(3, r) 
for n & Z, j3 & Ni{X) and r G Z. By the description fl2^ . we have either 

r > 0, or r = 0, /5 G NE(X), or r = f3 = 0, n> 0. 

Then ffT^ follows by our construction of Z^. The proofs to check other properties, i.e. 
Harder- Narasimhan property, support property, locally finiteness are straightforward. We 
give the proof in Section [6l (The condition arg^o > vr/2 will be required to show the local 
finiteness, and argzi > 7t/2 will be required in Lemma [3.111 below.) □ 

We define the subspace Vx C Stabr. ("Px) as follows. 

Definition 3.9. We define Vx C Stabr.(Px) to be 

Vx ■■= : cx^ is given hy i^.}. (30) 

By Lemma I2.17[ the map ^ i-^ is continuous. In particular Vx is a connected 
subspace. 

3.3 Semistable objects of rank one 

In this paragraph, we study semistable objects in Ax of rank one. We first recall the 
notion of stable pairs. 

Definition 3.10. A pair {E,s) is a stable pair if it satisfies the following conditions. 

• F E Coh<i(X) is a pure sheaf, i.e. there is no 0-dimensional subsheaf Q <Z F. 

• s : Ox — * -F is a morphism with 0-dimensional cokernel. 

• As a convention, we also call the pair (0,0) a stable pair. 

We have the following lemma. 

Lemma 3.11. (i) Take = {Z^,V^) G Vx with G Slice(Px); one? an object E G 
V^{{l/2, 1]) satisfying Tk{E) = 1. Then there is an exact seguence in Ax, 

0-^Ic^E—^ Q[-l] 0, (31) 

where Ic is an ideal sheaf of 1- dimensional subscheme C <Z X and Q is a 0-dimensional 
sheaf. 

(a) An object E G Ax fits into a seguence f31\} if and only if E is isomorphic to a 
two-term complex 

>0-^Ox^F^0^---, (32) 

with F G Coh<i(X) and s has 0-dimensional cokernel. Here Ox is located in degree zero 
and F is in degree one. 

(Hi) Let E = {Ox F) be a two-term complex as in [3^] . Then Hom((9^[— 1], E) = Q 
for all X E X if and only if (F, s) is a stable pair. 
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Proof, (i) Since E G {Ox, Coh<i(X)[— l])ox and rk(£') = 1, there is a filtration in Ax, 

= E^i C Eo C El C E2 = E, 

such that for Fi = Ei/Ei^i, we have 

Fo,F2GCoh<i(X)[-l], Fi = Ox. 

Suppose that F2 is 1-dimensionaI, and let F3 G Coh<i(X)[— 1] be the object such that 
-F3[l] C F2[l] is the maximum 0-dimensional subsheaf of F2[l] G Coh<i(X). We have the 
surjections in Ax, 

E^F2^ F2/F3. 
On the other hand, it is easy to see that 

7^^(1/2) = 1] : F is a pure 1-dimensional sheaf }, 

by noting Remark 13.71 Therefore we have B.om{E , F2 / F^) = by the second condition 
of Definition 12.11 This is a contradiction, hence F2 is 0-dimensionaL This imphes the 
existence of the sequence (pTl) . 

(ii) Obviously a two-term complex fl32l) fits into a sequence fl3T]) . Conversely let E G 
Ax be an object which fits into flHTl) . The composition Q[— 2] Ic ^ Ox becomes a 
zero map since 

}iom{Q[-2],Ox) = H\X,Qy 
= 0. 

Therefore Iq ^ Ox factorizes via Iq ^ E ^ Ox- Taking the cone, we obtain the 
distinguished triangle 

E — >Ox^F. 

Since F fits into the distinguished triangle Oc ^ F Q, we have F G Coh<i(X). Also 
the cokernel of s is isomorphic to Q, hence it is 0-dimensional. 

(iii) We have the exact sequence in Ax, 

— ^ F[-l] — > E — >Ox — ^ 0. 
Applying Hom(0^[— 1], *) to the above sequence yields, 

Hom(a,i^) = Hom(a[-l],F). 

Hence Hom(02.[— 1], E) = for all a; G X is equivalent to that F is pure. □ 
For t> G r and cr G Vx, we set 

M''(cr) := {E E Ax ■■ E is cr-semistable with d{E) = v}. 
The above set of object is described as follows. 
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Proposition 3.12. For ^ = {—zo,—iuj,zi) as in ^iME), let = (Z^^^Ax) G Vx be the 
associated weak stability condition. For an element v = (— n, —/3, 1) G T, we have the 
following. 

(i) Assume that axgzo < aigzi. Then we have 

MV( \ _ j ideal sheaves Ic C Ox for subschemes C C X 
- j with dimC < 1, [C]=p and x{Oc) = n. 

(a) Assume that aigZQ > argzi. Then we have 

ji^v/ \ _ f two-term complexes [Ox — * F) for 

\ stable pairs (F, s) with [F] = (3, x{F) = 

Moreover in both cases, any E G M"(cr^) is a^-stable. 

Proof, (i) Take E G M^(crg) and consider tlie exact sequence fl31l) . Suppose tliat Q ^ 0. 
Since arg^o < arg^i, we liave argZ^(/c) > arg 1]), wliicli contradicts to tlie a^- 
semistability of E. Hence Q = and E is isomorpliic to the ideal sheaf Ic- Conversely 
take an object Ic G Ax for a curve C (Z X, and an exact sequence in Ax, 



— >A — >Ic — >B — ^0, 



for non-zero A,B& Ax- Since T-[^{Ic) = 0, we have T-l^{B) = 0, hence we have rk(i?) = 1 
and rk(v4) = 0. This implies that A = F[-l] for F G Coh<i(X), thus aigZ^{A) < 
a.TgZ^{B) is satisfied by argzi > n/2. Therefore Ic is cx^-stable. 

(ii) Take E G M^(a^). Note that by Remark [321 the object O^-l] G Ax is (Te- 
stable. The condition arg^o > arg^i implies arg Z^{Ox[— I]) > aig Z^{E), hence we 
have B.om{Orc[—l], E) = for any closed point x G X. By Proposition 13.1X1 (iii), E is 
isomorphic to {Ox — > F) for a stable pair {F,s)- Conversely take E = {Ox — ^ F) for a 
stable pair {F, s). We take an exact sequence in Ax, 



— y A — > E — > B — ^0, 



for A,B& Ax- Suppose that rk{B) = 0, hence rk(y4) = 1. Since there is a surjection 
of sheaves 1-0'{E) T-C^{B) and T-C^{E) is 0-dimensional, we have B = Q[—l] for a 0- 
dimensional sheaf Q. Then axgZ^{A) < a.TgZ^{B) is satisfied by argzo > argzi. If 
rk(i?) > 0, then rk(i?) = 1 and rk(yl) = 0. In this case, A is written as G[— 1] for G G 
Coh<i(X). By Proposition 13.111 (iii), G is not 0-dimensional, hence G is 1-dimensional. 
Then aigZ^{A) < aTg^{B) is satisfied by arg2;i > 7r/2, hence E is cr^-stable. □ 



3.4 Proof of Theorem IT^ 

We show Theorem 11.21 using the wall-crossing formula in a general setting. The following 
theorem is a summary of the results in Section (We note that the filtration on F is not 
necessary given by ( !26l) in Theorem 13.131 ) 
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Theorem 3.13. [Corollary 15.13] Let T, be a filtration ofT = N<i{X) © Z satisfying 

roc---cr^_i = iv<i(x)^r^ = r, 

via the inclusion i{s,l) = (s,/,0), and V C Stabr,{T>x) a connected subset satisfying 
Assumption \4.1\ in Section\^ We have the following. 

• For a = {Z,A) G V and v = {—n, —(3, 1) G T, there is a counting invariant, 

DT„,^(a) G Q, 

such that if the moduli stack of a-semistable objects E E A with c\{E) = v, denoted 
by Ai"{(7), is written as [M/Gm] where M is a scheme with Gm acting trivially, we 
have DT„,^(a) = x(M). 

• Let DT((t) and DTo(a) be the series, 

DT(a) = 5^DT„,^(cr)xV, 

(n,/3)ero 

Then the quotient series 

DT a) :-- 



DTo((t) 

is well-defined and does not depend on a general point a G V. (See Definition \5.10\ 
for general points.) 

Let In{X,i3) be the moduli space of subschemes C C X with dimC < 1 and [C] = (3, 
x(Cc) = ^- Since /5) is a projective scheme, we can consider the generating series, 

DT(X) = 5^x(/n(X,/3))xV, 
DTo(X) = ^x(/n(X,0))x" 

n 

Let Pn{X,P) be the moduli space of stable pairs (F, s) with [F] = (3, x{^) = ^- ES], 
it is proved that Pn{X,P) is a fine projective moduli scheme. We consider the generating 
series, 

PT(X) = ^x(Pn(X,/3))xV. 

Applying Theorem 13. 131 we obtain the Euler characteristic version of DT/PT correspon- 
dence. 

Theorem 3.14. We have the following equality of the generating series, 

Dt'(X) := 2Z(^ = PT(X). 
DTo(X) 
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Proof. By Lemma [3. 151 below, we can apply Theorem 13. 131 for Vx C Stabr. (I^x) given in 
Definition 13.91 Take two elements (!28ll . 



such that argzo < arg2;i and arg^Q > arg^;^ By Proposition 13. IH we have 

M^{a^) = [In{X,P)/G^], (33) 

where Gm acts on J„(X, /9) and P„(X, /5) trivially. Here we note that any E G M^{a^) or 
E G M^(crg/) is stable by Proposition 13.111 hence Aut(i?) = Gm- The stabilizer groups 
Gm in the stacks (j33l) . ( !34l) are contributions of such trivial automorphisms. Applying 
Theorem 13.131 we have 

dt'(x) = iStV^) = dtVc) = PT(X), 

as expected. □ 

We have used the following lemma, which will be proved in Section [61 

Lemma 3.15. The subset Vx C Stabr. (Px) satisfies Assumption 4jJ_ in Section^^ 

Remark 3.16. It is also possible to construct (usual) stability conditions on Vx- For 
elements, 

a G M>o, B + tuj e N\X)c, 7 e fl, 

with uj ample, we set 

Z: T 3 {s,l,r) ^ sa - {B + iuj)l + r7 G C. 

Then {Z,Ax) satisfies and it determines an element of StabriVx) if Imj > 0. 
One can show that PT theory is realized as stable objects with respect to such stability 
conditions. On the other hand, DT theory does not appear as stable objects with respect 
to the above stability conditions. It might exist stability conditions in which DT-theory 
appears as stable objects after crossing the wall Im7 = 0. However we are unable to show 
the support property at the points Im7 = 0, so the wall-crossing at such points cannot be 
justified. This is one of the reasons we work over the space of weak stability conditions, 
rather than usual stability conditions. 



4 General framework 
4.1 Moduli stacks 

In this paragraph, we give a framework to discuss the moduli problem of semistable 
objects in Vx- Let us recall that there is an algebraic stack M. locally of finite type over 
C, which parameterizes E G D''(Coh(X)) satisfying 

Ext^(E, E) = 0, for any i < 0. (35) 
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(See [23] •) Let A^o be the fiber at [0] G Pic(X) of tlie following morphism, 

det: Mb — > det E e Pic(X). 

For any object E E Vx, the corresponding C- valued point [E] G is contained in JHq. 
Let A C Vx be the heart of a bounded t-structure on Vx- We can consider the following 
(abstract) substack, 

ObjiA) C Mo, 

which parameterizes objects E E A. The above stack decomposes as 

Obj{A)=l[ObfiA), 

where Obj'"{A) is the stack of objects E E A with cl(-E') = v. 
4.2 Assumption 

Here we give a framework to discuss the wall-crossing formula under a general setting. 
Let r, be a filtration ([3]) on F = A^<i(X) © Z, satisfying the following, 

Fo C ■ ■ • C F^_i = iV<i(X) A F;v = r, (36) 

via the inclusion i{s,l) = (s,/,0). We assume that a connected subset V C Stabr.iVx) 
satisfies the following assumption. 

Assumption 4.1. For any a = {Z = {Zi}fLQ,V) G V with A = V{{0, 1]), the following 
conditions are satisfied. 

• There is ip eM. which satisfies 

Ox G P(V^), ^ < < 1, (37) 

and Ox is the only object E E V{ip) with cl{E) = (0, 0, 1). 

• For any 1 < j < N — 1, we have 

Zj(Ilj) cR-i. (38) 

• For any v, v' E Fq and any other point r = {W, Q) E V, we have 

Z{v) E R>oZ{v') if and only if W{v) E R>oW{v'). (39) 

• For any v eT with rk(f ) = 1 or v E Fq, the stack of objects 

ObfiA) c Mo, 

is an open substack of Mo- In particular, Obj^{A) is an algebraic stack locally of 
finite type over C. 



22 



For any v E T with rk(w) = 1 or v E Tq, the stack of a-semistable objects E E A 
with c\{E) = V, 

M^'ia) C Obf{A), 
is an open substack of finite type over C. 



• There are subsets G T C 5* C A^<i(X), which satisfy Assumption ^he next 
paragraph. 

• For any other point r G V, there is a good path (see Definition \4.2\ below) in V which 
connects a and t. 

The notion of good path is defined as follows. 

Definition 4.2. A path [0,1] 3 t at E V is good if for any t E (0, 1) and v E Tq 
satisfying Zt{v) E M^oZt^Ox), we have 

aig Zt+e{v) < aigZt+e{Ox), arg Zt_e{v) > aigZt-e{Ox), or (40) 
aigZt+eiv) > aigZt+eiOx), aigZtsiv) < argZt_£(Cx), (41) 

for < £ < 1. 



Remark 4.3. For a = {Z,V) E V, the first condition of Assumption implies that 
Tk{E) > for any E E P((0, 1]). 

4.3 Completions of C[iV<i(X)] 

Here we discuss about completions of C[A^<i(X)] corresponding to subsets G T C S* C 
C[A^<i(X)] satisfying Assumption 14.41 below. Note that the existence of such T, S is one 
of the conditions of Assumption 14. 1[ For subsets 5*1, 5*2 C A^<i(X), we set 

S, + S2 ■■= {si + S2 : Si E S^} C iV<i(X). 

The sixth condition of Assumption 14.11 is stated as follows. 



Assumption 4.4. In the situation of Assumption the subsets E T C S C N^i(X) 
satisfy the following conditions. 

• We have 

T + TcT, S + TcS. (42) 

• For any x E N<i{X), there are only finitely many ways to write x = y + z for 
y,z E S. 

• Letip eR be as in ([^ for a eV. Then for I = {^p - e,^/; + e) with < e <^ 1, we 
have (see [Tl\) for Ca{I) ) 

{(n,/3) G iV<i(X) : (-n, 1) G C,{I)} C S, (43) 
{(n, /?) G To : (-n, -(3, r) E C^{I), r = or 1} C T. (44) 
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• There is a family of sets {S'aIaga with Sx C S such that S \ Sx is a finite set and 

Sx + TcSx, ^=|J(^\^a). 

AeA 

For a possibly infinite sum, 

n,f3 

its support is defined by 

Supp(/) := {{n,(3) e iV<i(X) : a„,^ ^ 0}. 
The completions are defined as follows. 

Definition 4.5. For a subset S C A^<i(X), the vector space C {SJ is defined by 

I n,/3 J 

Suppose that eT C S satisfy Assumption I4.4[ The product on C[A^<i(X)] gener- 
alizes naturally to products on C [T] , and C {SJ is a C [T]-module with C |r] C C fSJ . 
Let {/i}ie/ be a possibly infinite family of elements of C |T] with /j(0, 0) = 0. Then the 
infinite product of the exponential makes sense, 

nexp(/,)GC[Tl, 
iei 

if the following condition holds for any [n, (3) G A^<i(X), 

tl{2G/:(n,/3)GSupp(/,)}<oo. (45) 
Also for / G C l^] and g E C [T] with g{0, 0) 7^ 0, the quotient series makes sense, 

^gC|5]. 

Let {SaIaga be as in Assumption 14.41 We write A' ^ A if Sa C Sy. For A' ^ A, we have 
the surjection of C |T]-modules, 

C [Sj /C iSxj C iSj /C iSx'j . 

In this way, we obtain the inductive system of C |T]-modules {C {SJ /C IS'aDaga, and the 
isomorphism of C |T]-modules, 

C|5]-limC|5l/C[5Al. (46) 
AeA 

Since each CISJ/CISa] is a finite dimensional C- vector space, its Euclid topology to- 
gether with the isomorphism (jlUl) induce the topology on C 15] . 
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4.4 Joyce invariants 



Take a E V, v E T with rk(f ) = 1 or f G Tq. Under Assumption I4.H we are able to 
construct the Q- valued invariant, 

r(a) G Q, 

such that if Ai^{a) is written as [M/Gm] for a scheme M with Gm acting on M trivially, 
then 

r{a) = x{M). (47) 

Here x{*) is the topological Euler characteristic. In general /iA'"{a) includes information 
of the automorphisms of strictly semistable objects, and the denominator of J^{cr) is 
contributed by such non-trivial automorphisms. The invariant J^(cr) is introduced by 
D. Joyce [17], using the notion of Hall-algebras. Here we briefly explain how to construct 

Suppose for instance that A C Vx is the heart of bounded t-structure on Vx, such 
that the stack Obj{A) is an algebraic stack locally of finite type. We denote by Sx{A) 
the stack of short exact sequences in A. There are morphisms of stacks. 

Pi-. £x{A) — > Obj{A), 

sending a short exact sequence 

— ^ Ai — > A2 — ^ A3 — ^ 

to objects Ai respectively. 

The C-vector space T-C{A) is defined to be spanned by symbols, 

[X ObjiA)], 

where X is an algebraic stack of finite type with affine stabilizers, and / is a morphism 
of stacks. The relations are generated of the form, 

[X ^ Obj{A)] -[y^ Obj{A)] -[U^ Obj{A)l (48) 

for a closed substack y C X and U = X \ y. 

There is an associative product on T-C{A) based on Ringel-Hall algebras, defined by 

IX M ObjiA)] * [y ^ Obj{A)] = [Z ^ Obj{A)], 
where the morphism /i fits into the Cartesian square 

Z '^Sx{A)^^Obj{A). 

X X 3^ — C)6i(^)x2 
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The ^-product is associative by [TU Theorem 5.2]. The algebra T-C{A) is F-graded, 

where n^{A) is spanned by [X ^ Obj{A)] factoring via Obf{A) C Obj{A). 

Let V C Stabr. (I^x) be a subset satisfying Assumption 14.11 and take a = {Z,V) G V 
with A = P((0, 1]). In Assumption 14.11 we do not assume that Obj'"{A) is algebraic for 
rk(v) > 1 or rk(f) = 0, v ^ Tq. Instead we can discuss as follows. Under Assumption 14.11 
we are able to define the following vector spaces, 

veFo 

nN{A)= KM)- 

rk{v)=l 

The similar *-product makes Ho{A) an associate algebra, and HNiA) a 7Yo(.4,)-bimodule. 
We define the elements 6^ {a) and e^(cr) as follows. 

Definition 4.6. Under the above situation, take f G F with rk(f) = 1 or v E Fq. 
Suppose that v G Ca-{(p) with < < 1. We define S'"{cr) to be 

5- (a) = [M^'ia) ^ Obj{A)] G HM), 

where * = if f G Fq and * = if rk(f ) = 1. The element e^(cr) G 7i*(^) is defined to 
be 

e'' (a) = J2 ^ — (a) * ■ ■ ■ * 6"' (a) . (49) 

viA \-vi=v, 

Viec„{<t>), i<i<i. 



Remark 4.7. It is possible to define 6'" (a) by the fourth condition of Assumption 4-1 



Take vi, - ■ ■ ,vi G Ccr{4>) which appear in [J^ l- By Remark and Lemma 15. il below, 
there is 1 < e < I such that rk(i;e) = 1 o,nd Vi G Fg for i ^ e, and there is a finite number 
of possibilities for such Vi. Therefore is a finite sum and e'"{a) is well-defined. 

There is a map (cf. [16, Theorem 4.9]), 

T:n{A)^Qit), 

such that if G is a special algebraic group (cf. Definition 2.1]) acting on a variety Y, 
we have 

T{[[Y/G] ^ Obj{A)]) = PiY,t)/P{G,t), 

where P{Y,t) is the virtual Poincare polynomial of Y, i.e. if Y is smooth and projective, 
we have 

P(F,t) = 5^(-l)Mimi/X^,C)f, 
and P{Y, t) is defined for any variety Y using the motivic relation (j^Hl) for varieties. 
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Theorem 4.8. ([16], Section 6.2]) The element 

{e-i)T{e^{a))eq{t), 

is regular at t = 1. 

The above theorem is used to define the invariant J^(cr) G Q. 

Definition 4.9. For a G V and f G F with rk(f) = 1 or f G Fq, we define J^{(j) G Q as 
follows. 

• If G Co-{(p) for < < 1, we define 

r{a):=\un{t'-l)T{e^{a)). 

• liv E for 1 < < 2, we define J^(a) := J"^(a). 

• Otherwise we define J^(cr) = 0. 

Remark 4.10. Suppose that Ai^{a) = [M/Gm] for a scheme M with acting on M 
trivially. Then for any C-valued point of A4^{a), the corresponding object E E A is 
a-stable. Hence we have e'^ia) = 5" (a) = ([M/G„] Obj{A)) and 

(t2-l)T(e^(a)) = P(M,t). 

Therefore we obtain ( f^Tp - 

Under the above situation, we introduce the following generating series. 

Definition 4.11. Let V C Stabr. (I^x) be a subset satisfying Assumption 14.11 For 

{n, P) G A^<i(X) and a G V, we define DTn,f^{<j) to be 

DT„,^(a) := gQ. 
The generating series DT(cr) and DTo(cr) are defined by 

DT(a) := 5^DT„,^(a)xV e C [5] , 

ri,/3 

DTo(a):= Yl DT„,^(o-)xV e C |T] . 
(n,/3)ero 

The above series are elements of C {SJ , C [T] respectively by the third condition of As- 
sumption 14.41 Since DTo(cr) = 1 + ■ ■ ■ by the first condition of Assumption 14.11 the 
following reduced series is well-defined, 

DT'(a):=£5^GC[S]. 
DTo(a) 
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5 Wall- crossing formula 

The purpose of this section is to study how DT((t) varies under change of a. First let us 
introduce the pairing x on F, 

X((s, /, r), {s\ l\ r')) = rs' - r's. (50) 

By the Riemann-Roch theorem and the Serre duahty, for E,F we have 

x{c\{E),c\{F)) =dimHom(E,F) - dimExt^(E, F) 

+ dim Ext^ (F, E) - dim Hom(F, E) . 

Below we fix a subset V C Stabr, (I^x) satisfying Assumption 14.11 
5.1 Wall and chamber structure 

In this paragraph, we show the existence of wall and chamber structure in a neighborhood 
of cr G V. For t> G F and £ > 0, we set 

„ / . f , ^ there is G R such that 1 
We show the following lemma. 

Lemma 5.1. (i) Suppose that v G Fq. Then for < e 1, we have Ss,v{c) C Fq and 
Se,v{o') is a finite set. 

(a) Suppose that rk(f ) = 1. Then for < e <^ 1, we have S^^vio') H A^<i(X) C Fq and 
Se,v{o') is a finite set. 

Proof, (i) The first assertion is obvious. The finiteness of Ss,v{o') easily follows from the 
support property ©• 

(ii) Suppose that S'e^t,(cr) 7^ 0. Then we have v G C„{{(j) — e,(j) + e)) for some < 
(p < 2. Since 4>a{v) = ip, where ip is given in (|371) . we have ip ^ {4> ~ 4> + hence 
V G Ccrdip — 26,tp + 2e)). By choosing e > sufficiently small, we may assume that 
{ip -2e,ip + 2e) C (1/2, 1). Then if v = v' + v" in C^Hip -2e,ip + 2e)), we may assume 
that v' and v" are written as v' = {—n', —jS', 1) and v" = (— n", —(3", 0) by Remark 14. 3[ 
Then v" G Fq follows from the second condition of Assumption 14.11 which implies the 
first assertion. By ( H3l) and ( l4^ . we have (n',/?') G S and {n",P") G T. Therefore the 
finiteness of Se,v{o') follows from the second condition of Assumption 14.41 □ 

We have the following lemma. 

Lemma 5.2. Take a G V, f G F with rk(f ) = 1 or v E Fq, and < e ^ 1 such that 
Se,v{o') is a finite set. (cf. Lemma l5J[ ) Let a G f/^ C Stabr. (I'x) be an open neighborhood 
of a such that any t = {W, Q) G satisfies d{V, Q) < e. Then there are finitely many 
real codimension one suhmanifolds {WaIaga in Us, such that ifo'i,a2 G V are contained 
in the same connected component of Ue \ {WaIagA; then 

for any v' G Se,v{<y)- 
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Proof. We set A = Ss,v{<7) x 5'e,^(cr). For each 7 = (fi,f2) G A, we define Wa to be 

Wa := {r = (W^, Q)eU,: W{vi)/W{v2) G M>o}. 

Then it is easy to see that {WaI^ga gives a desired set of submanifolds. (Also see the 
proof of [8", Proposition 9.3].) □ 

5.2 Joyce's formula 

Take a G V and f G F with rk(t') = 1 or G Fq. Our setting in this paragraph is as 
follows. 

• We choose e > and an open neighborhood cr G [/^ as in Lemma 15.21 By choosing 
e > sufficiently small, we may assume that any connected component C G Ue\ 
{VVaIasa satisfies a E C. Below we denote by the connected component of f/^ fl V 
which contains a. We take two weak stability conditions r, r' G 

The wall-crossing formula enables us to describe J^{t) in terms of J^' (t) with v' G ^^^^(cr). 
The transformation coefficients are purely combinatorial. In what follows, / C M is a 
sufficiently small interval, i.e. / = (a, b) with < 6 — a -C 1. Note that for v G Co-(/), we 
have, (see (fT2|) .) 

(j)r(v) e I ±e. 

Definition 5.3. |17L Definition 4.2] For non-zero fi, ■ ■ ■ ,fz G C^{I), we define 

S{{vu- ■■ ,vi},T,r')e {0,±1}, 
as follows. If for each z = l, — 1, we have either (1521) or (I53p . 

0r(fi) < (priVi+l) and (f)r'{Vl H ^Vi) > (f)r'{Vi+l H h Vl) , (52) 

0^(t;i) > (privi+i) and 0^'(t;i H h Wj) < 0r'(^^i+i H h w;), (53) 

then define S{{vi, ■ ■ ■ , t";}, r, r') to be (—1)'', where r is the number of i = 1, — 1 

satisfying ( l52l) . Otherwise we define 5'({f i, ■ ■ ■ , vi}, r, r') = 0. 

Another combinatorial coefficient is defined as follows. 

Definition 5.4. [171 Definition 4.4] For non-zero Vi, ■ ■ ■ ,vi E 0^(1), we define 

U{{v„--- M,r,r')= J2 E (54) 

1<1"<1'<1 iP: ■■■■«'}, 

n r')t}l- j[ (55) 

Here ip, ^ satisfy the following. 

• ijj and ^ are non- decreasing surjective maps. 
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• We have 



(priVi) = (priVj), (56) 

for 1 < i, j < I with ipli) = 
• For 1 <i,j < I", we have 

0r'( ^k)=(t)r'{ 5Z ^^^^ 

Also for 1 < i < Z' is defined as 

Wi= ^3^C,{I). (58) 

Note that if S'e,t,(cr) 7^ {0}, then f G Ca{{4> — e,cf) + e)) for some e M and S'e,t,(cr) C 
Co-((0— e, 0+5)). By choosing e > sufficiently small, we can take / to be / = {4>—e, (p+e) 
in Definition 15.31 and Definition 15 .41 In our situation, Joyce's wall-crossing formula [17\ is 
applied to show the following. (See the discussion in [30l Section 2].) 

Theorem 5.5. [17, Theorem 6.28, Equation (130)] We have 



1>1, Vi(iSs,v{cr), G is a connected, simply connected oriented 
^ graph with vertex {!,■■■ ,/}, •—>• implies j<j 



2' 



1 ' 

x{vhVj)^J'''{T). (59) 



•— >• m G 



Remark 5.6. The property that the set of a & V in which a fixed E G Vx is semistable 
is closed (cf. Remark \2.16\) corresponds to the dominant condition in the sense of fll[ 
Definition 3.16]. This property is not true for another generalized stability conditions 
whose central charges are polynomials lETI- This is one of the reasons we work over 
weak stability conditions rather than polynomial stability conditions. 

The above theorem immediately yields the following. 

Proposition-Definition 5.7. For v = {—n,—j3,0) G Fq, the value J^{t) does not 
depend on r G V. We define 

iV„,^ .-= r(r), (60) 

for r G V. 

Proof. Since V is connected by our assumption, the problem is local on V. Noting 
Lemma [5TT] (i) and x(*) *) = on Fq, the formula fl59l) implies J'"{t) = J'"{t') for any 
r,r'GK- □ 
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5.3 Wall-crossing formula of generating functions 

Take a = {Z, P) G V and a continuous family in V, 

(-5, 6)3t^-^ateV, 
with ctq = c and 5 > 0. By Lemma [5.21 the following limiting series makes sense, 

DT(a±):=^hmDT(a,), 

= 5^DT„,^(a±)xVeC|5], 

n,f3 

where S is given in Assumption I4.4[ The series 

DTo(a±):=^hmDTo(ai)GC[Tl, 

is also defined. We set W to be 

W := {v eVo : Z{v) eR>oZ{Ox)}. 

For any v E W, we assume that 

ciTgZt{v)>a.TgZt{Ox), 0<t<l, (61) 
arg Zt{v) <aTgZt{Ox) , < -t < 1, (62) 

i.e. f HTj) happens at t = 0. The following theorem is a generalization of the result in [30] . 

Theorem 5.8. We have the following equalities of the generating series, 

DT(a_) = DT(a+) ■ J] exp(niV„,^xV), (63) 

-(n,/3)GH^ 

DTo(a_) = DTo(a+) • J] exp(niV„,^a;"/). (64) 

-(n,/3)eVK 

Proof. We only show fllOOp . as (110 ip is similarly proved. The proof goes along with the 
same argument of [SUl Theorem 4.7]. Take v eT with rk(t>) = 1 and e > so that 5'e^„(cr) 
is a finite set. For elements v',v" G Ss^^yi^cr), we write 

Mv') < Mv"), 

if 0o-t(f') < (patiy") holds for < ±t ^ 1. Note that for i;' G 5'£^t,(cr), we have 

0±(t;') = 0±(Cx) if and only if ik{y') = 1, (65) 

by (EH) and ( l62l) . For fi, ■ ■ ■ ,vi G 5'e,t,(cr), we can take the limit of the combinatorial 
coefficients, 

S{{vi, ■ ■ ■ ,vi},a+,a_) := ^hm ^({fi, ■ ■ ■ ,Vi}, at, a^t), 
U{{vi, ■ ■ ■ ,vi},a+,a_) := ]im^U{{vi, ■ ■ ■ ,vi}, at, a_t)- 
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Step 1. (i) If Vi G W for all i, we have 

S{{vi,--- ,vi},a+,a_) = \^^^ I "2' (66) 

(a) Suppose that there is 1 < e < I such that rk(fe) = 1 and vi G Fq for i ^ e. If 
S{{vi, ■ ■ ■ , f;}, cr+, (T_) 7^ 0, then Vi & W for all i ^ e. Moreover in this case, we have 
6 = 1 or 2 and 

5(H,---,t;J,a+,a_) = (-l)'-^ (67) 

Proof, (i) By the assumption ( 139|) . 0o-t(f) > (patiy') holds for v,v' &W if and only if this 
holds at t = 0. Then (l66i) follows easily from the definition of S'({fi, ■ ■ ■ , f/}, cr+, (T_). 
(See the proof of [131 Theorem 4.5].) 

(ii) Suppose that there is 2 < i < e such that 

(f)+{vi) > ■ ■> 4>+{vi) < 4>+{vi+i), (68) 

holds. By the definition of S{{vi, ■ ■ ■ , vi}, a+, cr_) and 0+(fi) > (t>+{v2), we have 

0-(t^i) <^Av2 + --- + vi) = 0_(t;e). (69) 

On the other hand, by 0+(^'^_l) > 0+(t'i) < 0+(fi+i) we have 

0„(t;i H h t^i-i) < 0-(wi H \-vi) = (p-ive), 

4>-{vi^ h Vi) > (t)^{Vi+i H \-Vi) = 0_(fe), 

which implies (p-ivi) > 0-(fe) and contradicts that (lU^ . Hence a sequence (lUHj) does not 
happen. Similarly a sequence 

0+K) < ■ • • < 0+(^^i) > 0+(t^i+l), 

does not happen for 2 < i < e. Therefore we have two possibilities, 

Mvi) > ■ ■ ■> M^e-l) > M^e), (70) 
Mvi)<---<MVe-l)<MVe). (71) 

In the case of ( 170|) . (resp. (17T1).) the definition of Sd^i, ■ ■ ■ , f^}, 0"+, (T_) implies that 
0-('i^i) < 0-('i^e), (resp. 0-(fi) > 0-(fe).) Heucc fi G VT, and by our assumptions ( l6Ti) 
and (162|) . the inequality (I7T1) does not happen, hence we have (!70|) . Suppose that e > 3. 
Then we have 0_(fi + V2) < 0_(fe), hence f 1 + G VT. Since fi G W, we also have 
U2 G W, which contradicts to 4>+{vi) > (f)^{v2)- Hence we have either e = 1 or e = 2. A 
similar argument also shows Vi & W for i > e. 

Conversely if e = 1 or e = 2 and G for i 7^ e, it is easy to see that one of ( l52l) or 
fl53|) holds for each i. Hence fl67|) holds by the definition of S{{{vi, ■ ■ ■ , vi}, cr+, □ 

Step 2. TaAie fi,--- G 5'e,^(cr) satisfying rk(t>e) = 1 and Vi G Fq for i ^ e. Then 
U{{vi, ■ ■ ■ , vi}, cr+, (j_) «s non-zero only if Vi E W for i ^ e. In this case, we have 

(Zit-^. (72) 
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Proof. Let 



be maps which appear in a non-zero term of fl3^ . By fl37|) and flU3|) . we have /" = 1. 
Also by Step [T] (ii), ip{e) is either 1 or 2, and ip^e) = 1 (resp. '?/'(e) = 2) is equivalent to 
e = 1, (resp. e > 2,) by ( l56i) and ( l65i) . and ■?/'~^'?/'(e) = {e} holds. By Step [1] (ii), each Wi 
defined by ( 158|) is contained in W ioi i ^ "^(e). Noting the condition (l56l) . we conclude 
that Vi E W for any z 7^ e. 

Now substituting (1U7|) yields, 



f/({fi, ■ ■ ■ ,vi},a+,a^) 



E (-1) 

1/.: {e+l,--,0^{l,-,''} 



1 1 



(73) 
(74) 



where are non- decreasing surjective maps. For a fixed /, we have 

I' 



E (-1: 



n 



L|^-i(6)|! /!' 



(75) 



for non- decreasing surjective maps ip- (See (TTJ Proposition 4.9].) Hence we obtain ( 1721) . 

□ 



Step 3. For v = {—n, — /3, 1) G T, we have the formula, 



DT„,^(<T_) 



E 



(/-I). 

/3i+-+A=/3, 

-{ni,ft)eiy, l<j<«-l. 



1 ^ ^ 



(76) 



Proof. We apply the formula (l59l) for r' = cr_t, t = cii for < t ^ 1. Take f 1, ■ ■ ■ ,vi G 
'S'£,i,(ct) which appear in a non-zero term of ( l59i) . By Step [2], Lemma l5.ll (ii) and Re- 
mark there is 1 < e < / such that Vi E W for i ^ e and rk(fe) = L Let us write 
Vi = {—rii, —Pi, 0) for i 7^ e and Ve = (— ^e, —Pe, !)• Since we have 



-Hi 



an oriented graph G which appears in 



is of the following form, 
•e + 1 
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Hence substituting (I72l) to ( l59l) . we obtain 

1 



2'-i(e -!)!(/- e)! 

l<e<i niH hn;=n, ^ ^ ^ ^ 

-K,/3i)Gl^, i^e. 



Noting that 



,<,<,2'-He-l)!(/-e)! (/-I)!' 

we obtain the formula (1761) . □ 

Obviously (j76ll implies fllOOl) as expected. □ 

Remark 5.9. Since i3)£w''^-^n;i3x'^y^ belongs to C |T] by the formulas ^lOC^) . 

I[101\) make sense. 

Next we compare DT((t) and DT(r) for two weak stability conditions a, r G V. We 
introduce the notion of general points in V. 

Definition 5.10. We say a = {Z,V) G V is general if there is no G Tq which satisfies 
Z{v) G RyoZiOx). 



For general cr, r G V, take a good path, (cf. Definition | 

[0,l]3t^at = iZt,Vt)eV, 
which satisfies = a and ai = r. For c G [0, 1], let Wc be the set, 

W, = {v eTo: Z,{v) eRyoZciOx)}. 

For c G [0, 1], we set e(c) = 1 (resp. e(c) = —1,) if fHUj) (resp. fHTl) ) happens at t = c. As 
a corollary of Theorem 15.81 we obtain the following. 

Corollary 5.11. We have the equalities of the generating series, 

DT(r) = DT(a) ■ J] exp(niV„,^x"/)^(^), (77) 

-in,l3)<=Wc, 
ce(0,l). 

DTo(r) = DTo(a) ■ J] exp(niV„,^xV)^^'^- (78) 

-(n,f3)eWc, 
cG(0,l). 

Proof. We only show (1771) . as (1781) is similarly proved. It is enough to show the equality 
( 1771) after the projection, 

7r,:C[5l^C[5l /CIS,], 
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where {S'aIaga is given in Assumption I4.4[ By Lemma 15.21 there is a finite number of 
points 

Co = < Ci < ■ ■ ■ < Ck-l <Ck = l, 

such that 7rADT(crt) is constant on t G (cj_i, Ci) for 1 < i < k — 1, and constant on [0, Ci), 
(cfc_i, 1] since a and r are general. Applying Theorem 15.81 at each t = Ci, we obtain 

7rADT(r) = nxDT{a) ■ tta J] exp(niV„,^a;"/)^(^^). 

-(n,/3)Giyc,, 
0<i<A:. 

On the other hand, since 5 \ is a finite set, there is only finitely many c G (0, 1) such 
that 

tta 

-(n,/3)GWc 

Also such c G (0, 1) must be equal to one of q, since otherwise irxDT^at) is constant near 
t = c, and contradicts to Theorem 15.81 Hence (177|) holds after the projection. □ 

Remark 5.12. For c G [0,1], set /, = E-(^,0)(,w.riNn,f3X^y(' . Then /, G C |T] and 
{/c}cG[o,i] satisfy the condition ( fT^P smce t ^ at is a good path. Therefore the formulas 
( [7^ , ( [7^ maA;e sense. 

Another corollary is the following. 

Corollary 5.13. T/ie series 

DtV) = G C 1^1 , (79) 

DTo(a) 

does not depend on general cr G V. 

Proof. This follows immediately from Assumption 14.11 and Corollary 15. Ill □ 

Remark 5.14. In the proof of Theorem \3.14\ we can apply Corollary \5.11\ and obtain the 
following formula, 

DTo(X) = DTo(a5) 

= J]exp(niV„,ox")DTo(a50 

n>0 

= JJexp(niV„,oa;"). 

n>0 

On the other hand, we know that DTo(X) = M{x)^^-^\ These equalities give a calculation 
of Nnfi. An easy computation shows, 

r\n 
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6 Some technical lemmas 



6.1 Proof of Proposition 13.6 



Proof. We first show the following lemma. 

Lemma 6.1. (i) For F G {E,A')c-k C A, let u: E ^ F be a non-zero morphism in A. 
Then cok('u) E A is contained in {E,A')eyi and u is injective in A. 

(a) For F G {E,A')ex C A and G G A', let u: G ^ F he a non-zero morphism in A. 
Then cok{u) & A is contained in {E,A')ex- 

Proof, (i) By the condition ( |25l) . there is an exact sequence in A, 

— >Fi^F ^F2 — >0, (80) 
with Fi G {E,A')cx which satisfy the following. 

• The composition U2 o u = 0. Hence u factorizes as E ^ Fi ^ F. 

• There is a surjection Fi E in A such that ker(-U3) G {E, A')ex and the composition 
M3 o u' is non-zero. 

Since End(£') = C, the map u' is split injective, hence u is also injective. Also we have 
cok{u') = ker(M3) G {E,A')cx, hence the exact sequence in A, 

— > cok(M') — y cok(u) — > F2 — > 0, 

shows cok('u) G {E,A')ex- 

(ii) We may assume that u is injective since A' is closed under quotients in A. Since 
F G {E, A')cx, there is a filtration in A 

Ao C C ■ ■ • A;„i CAi = F, 

such that each subquotient Ai/Ai^i is either isomorphic to E or contained in A'. We call 
the smallest such / the length of F. We show the claim by the induction on /. If / = 1, 
then F G by the condition (1^ . Since C ^ is closed under quotients, we have 
cok(M) G A'. Assume that Z > 1. Then there is an exact sequence (IHUj) such that the 
length of Fi are strictly smaller than /. Let G2 be the image of the composition in A, 

O^F^F2, 

and Gi the kernel of G ^ ^2- We obtain the morphism of exact sequences in A, 

-Gi -G2 -0 




Note that Gi G A' and each vertical arrows are injective in A. Hence we have the exact 
sequence in A, 

— > Fi/Gi — > cok(M) — ^ F2/G2 — ^ 0. 

By the induction hypothesis, we have Fi/Gi G {E,A')cx- Therefore we have cok(n) G 
{E,A')ex. □ 
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Proof of Proposition \3.6i 

We show that Ae '■= T^e^A is the heart of a bounded t-structure on Ve-, and written 
as Ae = {E, A')ex- To show this, it is enough to show that for any F G Ve, we have 

ni,{F)e{E,A')e., ^ez. (81) 

Here we denote by 

the i-th cohomology functor with respect to the t-structure with heart A. Noting that A' 
is the heart of a bounded t-structure on V, the triangulated category Ve is also written 
as {E,A')tT- Hence any object F G Ve is written as a successive extensions by objects 
E[i'] and G[i"] for G E A' and i',i" G Z. As in the proof of Lemma l6.ll (ii), we show 
f lST]) by the length of such an extension. Suppose that F G Ve satisfies f lHTj) . and take a 
distinguished triangle 

G — >F — > H — ^^[1], 

with G = E or G E A'. By the induction argument, it is enough to show that H satisfies 
( IHTj) . Taking the long exact sequence associated to we have H\{F) = W_^{H) for 

i 7^ —1, and the exact sequence in A, 

^ n^\F) n^\H) ^ G A n'^F) 7f^{H) o. 

If M = 0, then obviously H satisfies ( IHTl) . Otherwise we have 

ker(M) G A! , im(n) G A!, cok(n) G (E,^')ex, 
by Lemma 16. 1[ Therefore H satisfies ( IHTi) also in this case. □ 

6.2 Proof of Lemma 13.8 

We first show the following lemma. 

Lemma 6.2. The ahelian category Ax is noetherian. 

Proof. We take a chain of surjections in Ax-, 

Eq ^ El ^ ■ ■ ■ Ej ^ Ej+i ■■■ . (82) 

By Lemma [3.51 we have Tk{E) > and ch2(-E') ■ uj > for a fixed ample divisor uj on X. 
Hence we may assume that rk(i?j) and ch.2{Ei) ■ uj are constant for all i. We have exact 
sequences, 

g^.[-i] E, 0, (83) 

where Qj are 0-dimensional sheaves. The long exact sequence associated to the standard 
t-structure on D^{Coh.{X)) shows that the induced morphisms li}{Ej) — > li}{Ej^i) are 
surjections of sheaves, hence we may assume that li}{Ej) = li}{Ej^i). Then the exact 
sequence ( l83l) induces the sequence, 

H°(^o) C -WiEi) C---C n\Ej) C ■ ■ ■ C H^E^Y''. (84) 

Since Coh(X) is noetherian, the above sequence terminates. □ 
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Step 1. The pair = {Z^,Ax) satisfies the Harder- Narasimhan property. 

Proof. Let J-' be the full subcategory of Coh<i(X) [— 1], 

J-' = {F[—l] : F is a pure 1-dimensional sheaf. }. (85) 

If we set T = {T G Ax '■ Hom(T, JF) = 0}, then the pair (T, JF) is a torsion pair on Ax- 
In fact for any E E Ax, we have the exact sequence in Ax, 

Q[-l] n\E)[-l] F[-l] 0, 

where Q is a 0-dimensional sheaf and 1] G JF. Let T be the kernel of the surjection in 
Ax, E n\E)[-l] F[-l]. Since Rom{n^ (E) , J^) = 0, we have Hom(T,J^) = 0, i.e. 
T eT . The exact sequence Q ^ T ^ E ^ F[—l] — >0 gives the desired decomposition 

It is easy to see that any 1] G ^ is Z^-semistable with argZ^(T) > argZ^(F[— 1]) 
for any non-zero T G T. Also applying the same argument of [31], Lemma 2.27], an object 
G T is Z^-semistable if and only if for any exact sequence 

— > A — > E — > B — ^0, 

with A, i? G T, we have axgZ^{A) < arg Z^{B). By Lemma [6.21 and the proof of Propo- 
sition 12.121 it is enough to show that there is no infinite sequence of subobjects in T, 

• ■ ■ C Ej+i cEj C-- - CE2CE1. (86) 

(cf. the proof of [HH Theorem 2.29].) Suppose that such a sequence exists. We may 
assume that rk(£'j) and ch2(-Ei) ■ u are constant for all i, hence Eq/Ej+i = Qj[—1] where 
Qj is a 0-dimensional sheaf. Taking the long exact sequence of cohomology, we obtain the 
sequence of surjections of sheaves, 

■ • ■ ^ Qj+i Qj ^ ■ ■ ■ -A Qi ^ Qq. (87) 

Since 1H}{Eq) is 0-dimensional and we have the surjections Ti}{EQ) Qj for all j, the 
length of Qj is bounded above. This implies ( 1871) terminates, hence (l86l) also terminates. 

□ 

Step 2. Let {P^(0)}(^g]R he the slicing corresponding to the pair a ^ = {Z^,Ax) via Propo- 
sition l2J3[ Then {'P^(0)}0g]R is of locally finite. 

Proof. Since Ax is noetherian, it is enough to show that there is 77 > such that V^{{(f) — 
r),(l) + r])) is artinian for any G M with respect to strict monomorphisms. Let (pi = 
^argZi G (1/2,1). By the construction of Z^, it is enough to show that P^(l/2) and 
{'^^(^o), 'Pc(0i))ox are artinian. It is easy to see that Pg(l/2) coincides with J^, where 
is given by (1851) . Suppose that there is an infinite sequence of strict monomorphisms in 
n(V2), 

■ ■ ■ C Ej+i cEjC--- CE2(lEi. (88) 
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Since each Ej is a 1- dimensional sheaf, we have ch2(-E'j+i) ■ w < ch.2{Ej) ■ uj for an ample 
divisor u;, and Qh.2{Ej)-uj = if and only if Ej = 0. Therefore (l88l) terminates. The artinian 
condition of {'P^{(f)o),V^{(f)i))ex follows from the same argument to show the termination 
of dHED. □ 



Step 3. The pair = {Z^,V^) satisfies the support property 

Proof. Let E G Ax be a non-zero object with cl(-E') = {—n,—/3,r). We introduce an 
usual Euclid norm on Hq ® M = M and EI2 (g) M = M. We have 



1^1 



\ZiE)\ 



\zi\, r > 0, 

M, r = 0, Pe NE(X), 

\zo\, r = P = 0, n> 0. 



Since j3 is effective or zero, the above description immediately implies the support prop- 
erty. □ 



6.3 Proof of Lemma 13.151 

Proof. The first, second, third and the last conditions are obviously satisfied. We check 
other three conditions. Recall the heart of a bounded t-structure Ax C Vx given in (J23l) . 

Step 1. For t> G F with rk(t>) = 1 or f G Tq, the stack of objects 

ObfiAx) C ^0, 

is an open suhstack of M.^. 

Proof. If rk(f) = 0, then Ohj'"{A) is the stack of coherent sheaves E G Coh<i(X) of 
numerical type f , and the result is well-known. Suppose that rk(f ) = 1 and let £ G 
D^{X X S) be an S'-valued point of A4o. We assume that S is connected and there is 
s G S* such that Sg '■= Li^^^ G Ax with cl(£^s) = v, where is'. X x {s} "-^ X x S* is the 
inclusion. It is enough to show that the locus 

^° := {s' eS: £s' G Ax}: 

is open in S. Note that the stack of objects in E G Coh"^(X)[-l], (cf. (ED]),) with det(^) = 
Ox is open in A^o, (cf- [31], Lemma 3.14],) hence we may assume that 8s' e Coh^(X)[-l] 
for all s' G S. As in the proof of Lemma [3.111 (i), any object E G Ax with ik{E) = 1 is 
given by an extension, 

Ic-^E^ F[-l], 

where Ic is the ideal sheaf of C C X with dimC < 1 and F G Coh<i(X). Therefore an 
object E G Coh^(X)[— 1] with det(i?) = Ox and rk(ii^) = 1 is contained in Ax if and 
only if 1HP{E) is torsion free. First we show the case that 5* is a smooth curve. We have 
the spectral sequence, 

E^ = Tor°;-'{n\£), Ox.{s}) n^+'iSs). 
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Since i^f'*^ = for p < — 2 or p > 1, the above spectral sequence degenerates at £^2-terms. 
Therefore -^2'^'° — O5 ^^"^ ^^is imphes that IHP^S) is flat over 5, and we have the exact 
sequence, 

'H%8)s — n^Ss) rorf-x^(7^^(£:), O^xm) 0. 

Since liP{£s) is torsion free by £s ^ the sheaf liP{£)s is also torsion free by the above 
exact sequence. Since liP{£) is flat over 5, there is an open neighborhood s E U such 
that liP{£)si is torsion free for s' G U . By the generic flatness, we have liP{£s') — 'H^{£)s' 
for s s' E U hj shrinking U if necessary. Therefore U G S° and S° is open in 5*. 

In general, we can show the openness of S° as follows. Let V C S* be an open subset on 
which W{£) is flat for all j. Then we have W{£) = unless j = 0, 1, n°{£s') = n^{£)s' 
for any s' G V , and 5*° fl \^ is open in V . Also by the result for smooth curves, we know 
that 5*° is dense in S in Zariski topology, hence 5° fl is non-empty. We apply the same 
argument for the object 'Li*£, where i is the inclusion, 

i: S\{S°nV) ^ S. 

By the noetherian induction, we conclude that 5*° is open in S. 

□ 

Step 2. Take = {Z^,Ax) G Vx (^nd v eT with ik{v) = 1 orvE Tq. Then the substack 

M'^ia^) C ObfiAx), 
is an open substack and it is of finite type over C. 

Proof. If f G To, then Ai^{cr^) is the moduli stack of 0-dimensional sheaves, and the result 
is well-known. Suppose that rk(f ) = 1. By Step[I]and the argument of |32l, Theorem 3.20], 
it is enough to show the boundedness of a^-semistable objects of numerical type v. For 
a cTg-semistable object E G Ax, consider the exact sequence fl3T|) . For an effective class 

f3 G Ni{X), we set m{(3) as 

m{(3) = inf{ch3(Oc) : dimC = 1 with [C] = (3}. (89) 

It is well-known that m{(3) > —00, (cf. pTl Lemma 3.10],) hence the length of Q in fl31l) 
is bounded above. Since the set of ideal sheaves with a fixed numerical class is bounded, 
the object E is contained in a bounded family. □ 



Step 3. There are subsets E T C S C N<i{X) which satisfy Assumption \4.4 
Proof. We set S and T to be 

S := {(n,/?) G iV<i(X) ■./3>0,n> m{(3)}, (90) 
T:={{n,(3)EN<i{X):(3>0,n>0}. (91) 

Here /3 > means f5 is effective or zero, m{f3) is given in fl89l) when (3 is effective, and 
m(0) = 0. We show that T, S satisfy Assumption 14.41 The first condition is obvious. The 
second condition follows easily that any effective class in Ni{X) can be written as finitely 
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many ways as a sum of effective classes. The tfiird one follows from the existence of the 
exact sequence ( l3Ti) . As for the last one, let A be the set of pairs {k,P') of k E Z and an 
effective class (3' e Ni{X). For A = {k,f3'), we set 

S^ = {{n,(3) eS -.nyk if f3<f3'}. 

Here [3 < (3' means — /3 is effective or zero. Then {SaIaga gives the desired family. □ 

Assumption 14.11 has been checked by Step [T], Step [5] and Step O □ 

Remark 6.3. Ifv ^ Fq, then M.^{(t) is not necessary of finite type. For instance consider 
the class v = (0,2[C],0) for a curve C G X . Then J^^{a) contains objects Oc{D) © 
Oc{—D) for arbitrary divisors D G C. Thus A4^{a) is not of finite type. 



7 Some results on weak stability conditions 
7.1 Outline of the proof of Theorem 12^15]. 

Proof. We first note that if two elements of Stabr. (I^), <J = {Z,V) and r = (W, Q) 
satisfy d(V, Q) < 1, then a = t. (See [U Lemma 6.4] for the proof.) In particular the 
map n is locally injective, hence it is enough to show that 11 is locally surjective. For 
cr = {{Zi}^Q,V), let us take a cr-semistable object E with cl{E) G F^ \ F^-i. For 
{Wi}fLQ G riilo-'^o support property ([9]) implies, 



ZmilE]) 



<C-(iy„-Z„)( J|L), (92) 



for a constant C > 0. For any < £ ^ 1, we can find an open neighborhood {Zi}^^ G 
Ue C nioW such that the RHS of (ESI) is less than sinvre for any {WijfLo G f/^. In 
particular iym([-£']) 7^ for such {Wi}fLQ, and we have 

\argWm{[E]) - aig Zm{[E])\ < ire. (93) 

The above condition (p3ll is enough to apply the same proof of [TJ Theorem 7.1] to show 
the existence of Q G Slice(X') satisfying d(V, Q) < e and ([H]) holds for the pair r = 
({W^ililo' 2)- Here we just describe how to construct Q, and leave the detail to the 
reader to check that the proof of [7', Theorem 7.1] works in our situation. For G M and 
a, 6 G M, a quasi-abehan category V{{a, b)) is called thin and envelopes (j) if b — a < 1 — 2e 
and a + e<(j)<b — e. Then W = {Wj}^o determines a map, 

W: V{{a,b)) 3 El — > aTgW{E) G (7r(a - e), 7r(6 + e)). 

The subcategory Q(0) C P is defined by ly-semistable objects E G V{{a,b)) with phase 
(j), i.e. E G Q(0) if and only if for any exact sequence in P((a, 6)), 

— >F — >E — yG — ^0, 

we have a.TgW{F) < a.TgW{G). The same proof of |7i Theorem 7.1] shows that Q{4>) 
does not depend on a, b, and determines a desired slicing on V. It is enough to check 
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that r = {{Wi}^Q, Q) satisfies the support property. Let F e P be a r-semistable object 
with cl(F) G Tm \ Tm-i- Since ( |92l) is less than sinvre and d(V, Q) < e, it is easy to see 

1 — sin Tcr 

Hence r satisfies the support property ([9]), and 11 is surjective on Ue- □ 



7.2 Proof of Lemma 12.17 

This follows from a following stronger lemma below, by setting JF = there. We will need 
this stronger version in the next paper [29] . 

Lemma 7.1. Let A be the heart of a bounded t-structure on V, and (T, JF) a torsion pair 
on A. Let B = (jF[l],T)ex the associated tilting. Let 

N 
i=0 

be a continuous map such that at = {Zt,A) for < t < 1 and ctq = {Zq,B) determine 
points in Stabr. (T'). Then we have lim^^o = o"o- 

Proof. By Theorem 12. 151 we have a continuous family of points cr^ = {Zt, Qt) G Stabr. (T') 
for < t ^ 1 such that ctq = ctq. It is enough to show that a[ = at for such t, i.e. 
Qt{{0,l]) = A. This follows from the inclusion 

Qi((0,l])cA (94) 

since both are hearts of bounded t-structures on A. To check flM|) . first note that any 
object E G JF[1] is contained in Qo{l), since otherwise lmZt{E) > for < t ^ 1 
contradicting that Zt is a weak stability function on A for such t. Hence we have 

Qo((0,l))crc A (95) 

Next take < < 1 and a quasi-abelian category Qo{{a, b)) which is thin and envelopes (p. 
(See the proof of Theorem 12. 151 ) As in the proof of Theorem 12. 151 objects of Qt{4>) consist 
of Zt-semistable objects in Qo{{a,b)). If a < 1, then we have Qt{(p) C Qo{{a,b)) C ^ by 
( I95|) . Suppose a > 1, and take E G Qt(0). Noting that ^"[1] c Qo(l) and ([95]), we have 

n-/mi]eQoi[i,a)), n'^{E) e Qo{{b,i)). 

Therefore the following sequence is an exact sequence in QQ{{a,b)), 

H-^\E)[l]^E^H\{E). 

If W^iE) ^ 0, then lmZt{H'J^{E)[l\) < for < t < 1 which contradicts to Zt- 
semistability of E. Hence H^^iE) = 0, i.e. E e A and holds. □ 
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8 Appendix: involving Behrend's constructible func- 
tions 



The proof of Conjecture [LT] should follow if we are able to involve Behrend's constructible 
functions into our argument. Now there is a progress toward this direction by Joyce and 
Song [18], and we are able to establish the analogue statement of Theorem [53] for counting 
invariants of semistable sheaves (not objects in the derived category) involving Behrend 
functions using their work. At the moment the author wrote the first version of this paper, 
still there was a technical gap in applying their theory into our context, that is the derived 
category version of [HI Theorem 5.3] on the descriptions of the local moduli spaces of 
coherent sheaves on Calabi-Yau 3-folds. (i.e. the local moduli space of objects in the heart 
of a t-structure, not necessary of a standard one, should be written as a critical locus of 
some holomorphic function on a smooth analytic space.) Now it is announced that the 
above problem is solved by Behrend and Getzler [1], so we should now be able to apply 
Joyce and Song's work into our context. In this appendix, we show that Conjecture 11.11 
is true using the result of [H] and using [1]. 

Recall that for any C-scheme M, there is a canonical constructible function um '■ M 
Z by Behrend [2] , such that if M has a perfect symmetric obstruction theory, one has 

/ 1 = y]^x('^M (^))- 

Behrend's constructible functions can be also defined for Artin C-stacks locally of finite 
type. That is, if Ad is an Artin C-stack locally of finite type, there is a unique locally 
constructible function uj^ : Ai ^ Z such that if / : M ^ is a smooth 1-morphism of 
Artin C-stacks of relative dimension n, one has um = {—1)"'i'm- (cf- [TH| Proposition 4.4].) 

Now let us consider the situation of Paragraph 14. 4[ The Behrend function on Obj{A) 
is denoted by u. The relevant invariants are defined in a similar way to Definition 14.91 
after involving the function u. In order to state this, note that the map 

z/-: n{A) — >n{A), 

sending [f : X ^ Obj{A)] G n{A) to 

xobKA) X ^ Obj{A)] e n{A), 

i 

is well-defined. 

Definition 8.1. In the situation of Definition 14.91 we define t/^jj.(cr) G Q as follows. 

• If f G Co-(0) for < < 1, we define 

:= ]im{t'-l)T{u.e^{a)). 

• Ifve C^{(f)) for 1< < 2, we define j;i,(a) := J^^{a). 
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• Otherwise we define Jvir('^) = 0- 

The wall-crossing formula for the invariants J^ij-ic) is proved using the results of [18] 
and [4j. As in the same way of [18, Theorem 5.12], we obtain a map 

Here SF!JJf^(^) is a certain Lie subalgebra of H{A) consisting of virtual indecomposable 
objects Paragraph 5.2], and C{X) is the Q- vector space with basis of symbols for 
f G r, with Lie bracket 

[c„c,,] = (-l)'^(^'^')x(t^,t^')W- (96) 

The map \E' is defined by the same way of [HI Equation (71)], just replacing Coh(X) by 
A. The elements e^(a) E n^{A) in Definition SS] are contained in SF!;ff (^), and if e^((T) 

is written as [[M/G^] ^ Obj{A)] where M is a variety with acting trivially, and i is 
an open immersion of stacks, one has 

i 

Remark 8.2. Recall that another Lie algebra C{X) with Q-basis of symbols Cy for f G F 
with Lie bracket 

[cy,c^i]= X{v,v')cy+^i, (97) 
is introduced in ^14, Paragraph 6.5]. There is a Lie algebra map, 

^:SF-'^(^)^C'(X), 

which is used in flT^ to show Theorem 15.51 Note that there is a sign difference between 
and [9l\ ). This is basically due to the fact that the Behrend function on a scheme M 
has the value (_ i^dimAf ]\{ ig smooth. 

Now let us consider the situation of Assumption 14. 1[ By the assumption, the stack 

ObfiA) C Mo, 

for f G F with rk(f) = 1 or f G Fq is an open substack of A4o- Hence by jl], the stack 
Obj'"{A) is locally near E E A written as a quotient stack [U/G], where U is the critical 
analytic space of a holomorphic function germ 

/: Ext^(E,E)o^C. 

Here Ext^(i?, -E')o is the kernel of the trace map Ext^(£', i?) H^{Ox), G is an alge- 
braic group with Lie algebra Ext^(i?, i?)^ and / is G-invariant. Note that this is the 
derived category version of |18i Theorem 5.3], which is the only issue in extending [THl 
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Theorem 5.12] to the context of the derived category. Now the same proof of [T8l Theo- 
rem 5.12] shows that the map restricted to the subspace 

where SF!j;^(^), is defined by 

is a map satisfying 

[vI/(e),v[/(e')] = vI/([6,6']), (98) 
for e e SF!,f (^)o and e' G SF!j;'^(^), with * = 0, A^. 



Remark 8.3. More precisely, we are not able to define SF'^^'^{A) under A s sumption \4.1 



as we do not assume that Obj'"{A) is algebraic unless rk(f) = 1 or f G Tq. However as in 
Paragraph \4-4\ we are able to define the Lie algebra '&Y^^^{A)o and the 'SF^^^{A)o-module 
'^Y^^^[A)n , o,nd the map preserving Lie-brackets as in 



VI/: SFT{A)o(BSFT{A)n ^ C{X). 

Then the same argument along with the proof of Theorem 15.51 in [T71 Theorem 6.28] 
yields the following. 

Theorem 8.4. We have the formula, 

1>1, Vi(iSe,v{p), G is a connected, simply connected oriented 
fl+ +fi V gj-g^pjj ^j^ji vertex {I, -- ,1}, •— >• implies i<j 



2' 



^f/({t;i,---,z;,},r,r') J] E '/v^(^)- (99) 



i 3 . „ 1=1 

•— >• m G 



The sign difference between and is due to the sign difference between 
and ( |9711 . Next we define the generalized Donaldson-Thomas invariants. 

Definition 8.5. In the situation and notation of Definition l4. 1 1] Proposition-Defjnition l^TTt 

we define DT^.^^^ (cr) and Nn^p to be 



DT„,,(a):=-4r™Me 



{-n-/3,l), 
vir > 

(-n,-/3,0). 



iVn,,:=-^:i;'™^(r)GQ. 

Remark 8.6. Here we need to change the sign, since the Behrend function on a scheme 
M and on the quotient stack [M/G^] have different sign. 



Remark 8.7. ^45 in the proof of Proposition-Definition 5/l_, the invariant Nn^p does not 
depend on r. 
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Remark 8.8. Suppose that a eV is a general point, (of. Definition \5.1(A ) Then there is 
no strictly a-semistable objects of numerical type v, hence 

e^a) = 6^a) = [[M/G^] A ObjiA)], 

for an algebraic space M with a perfect symmetric obstruction theory and acting 
trivially, and i is an open immersion of stacks, (cf. fT^ .) Therefore we have 

DT„,^(a) = 5^^xK-/(z))= / 1. 

i 7[Afvir] 

The generating series are similarly defined as follows. 
Definition 8.9. We define the generating series DT((t) and DTq (cr) as 

DT(a) := 5^DT„,^(a)xV e C [^1 , 

DTo(a):= J] DT„,^(a)xV e C [T] . 

(n,/3)ero 

Then exactly the same proof of Theorem 15.81 shows the following. 

Theorem 8.10. Under the same situation of Theorem \5.S[. we have the following equalities 
of the generating series, 

DT(a_) = DT(a+) ■ II exp((-l)"-iniV„,^x"/), (100) 

-{n,l3)£W 

DTo(a_) = DTo(a+) ■ II exp((-l)"-iniV„,^xV)- (101) 

-(n,f3)€W 

We also have the following corollaries. 

Corollary 8.11. Under the same situation of Corollaru \5.11l we have the equalities of 
the generating series, 

DT(r) = DT(a) ■ II exp((-l)"-iniV„,^x"/)^(^), 

-in,f})eW^, 

ce(o,i). 

DTo(r) = DTo((7) ■ J] exp((-l)"- ViV„,^xV)^^'=^- 

-{n,f3)&Wc, 
cG(0,l). 

In particular, the quotient series 
does not depend on general a G V. 
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Now Conjecture 11.11 is proved in a similar way to Theorem 13 .141 
Theorem 8.12. Conjecture \l.l\ is true. 

Proof. We use the same notation in the proof of Theorem I3.14[ By the same proof of 
Theorem 13.141 and using Corollary 18.11^ we have 

DT'(X) = DTV?) = DT'(a^/) = PT(X), 

as expected. □ 

Remark 8.13. As in Remark \5.14\ we have 



DTo(X) = J]exp((-l)"-ViV„,ox^ 

n>0 

Hence we have 

r\n 
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